Orthorhombically distorted perovskite manganites, RMnO3 with R being a trivalent rare-earth ion, exhibit a variety of magnetic and electric phases including multiferroic (i.e. concurrently magnetic and ferroelectric) phases and fascinating magnetoelectric phenomena. We theoretically study the phase diagram of RMnO3 by constructing a microscopic spin model, which includes not only the superexchange interaction but also the single-ion anisotropy (SIA) and the Dzyaloshinsky-Moriya interaction (DMI). Analysis of this model using the Monte-Carlo method reproduces the experimental phase diagrams as functions of the R-ion radius, which contain two different multiferroic states, i.e. the ab-plane spin cycloid with ferroelectric polarization P a and the bc-plane spin cycloid with P c. The orthorhombic lattice distortion or the second-neighbor spin exchanges enhanced by this distortion exquisitely controls the keen competition between these two phases through tuning the SIA and DMI energies. This leads to a lattice-distortion-induced reorientation of P from a to c in agreement with the experiments. We also discuss spin structures in the A-type antiferromagnetic state, those in the cycloidal spin states, origin and nature of the sinusoidal collinear spin state, and many other issues.
I. INTRODUCTION
Rare-earth manganites with orthorhombically distorted perovskite structure, RMnO 3 with R being a trivalent rare-earth ion, have been subject to intensive studies since the multiferroic phases, in which magnetism and ferroelectricity simultaneously emerge, were found in some of these materials [1, 2] . This class of materials exhibits a variety of magnetic and electric phases as a function of ionic radius of the R ion. The R-site variation controls magnitude of the orthorhombic lattice distortion (the GdFeO 3 -type distortion) --see Fig. 1 (a) --, i.e. tilting angles of the MnO 6 octahedra become larger and the perovskite lattice is more significantly distorted with a smaller-sized R ion. An experimentally obtained phase diagram in Refs. [3, 4] exhibits A-type antiferromagnetic [AFM(A)] ground states in the weakly distorted materials with R=La, Pr,..., Eu, Gd, while Etype antiferromagnetic [AFM(E)] ground states in the strongly distorted materials with R=Ho,..., Yb, Lu --see Fig. 1(b) . Sandwiched by these two regions, a spiral spin order with concomitant ferroelectricity is observed in the moderately distorted materials with R=Tb and Dy. Anticipated coupling between spins and electric dipoles (magnetoelectric coupling) makes these materials interesting because of possible technical applications.
In TbMnO 3 , for example, a sinusoidal collinear order of Mn spins occurs at the Néel temperature T Mn N ∼ 41 K [5, 6] . In this phase, the Mn spins are aligned along the b axis with an incommensurate propagation wave vector q Mn m =(0, 0.28, 1) in the P bnm orthorhombic unit cell. Below T C ∼ 28 K, ferroelectricity shows up along the c axis concomitantly with a magnetic transition into a transverse spiral (cycloidal) spin order with Mn spins rotating within the bc plane [7] . Upon further decreasing temperature, ordering of the f -electron moments on the rareearth (Tb) ions takes place at T [8] .
The ferroelectricity in these materials can be microscopically explained by the spin-current model [in other words, inverse Dzyaloshinsky-Moriya (DM) mechanism] proposed by Katsura, Nagaosa and Balatsky (KNB) [9] . Overlaps of electronic wave functions between adjacent two atomic sites (i and i + 1) with mutually canted spins (S i and S i+1 ) can generate a local electric polarization,
where e i,i+1 denotes the unit vector connecting these two sites, and A is a constant determined by the spinexchange and spin-orbit interactions. The cycloidal spin order in RMnO 3 is expected to induce a uniform spontaneous polarization P as a sum of the local polarizations p i in the direction perpendicular to the spiral propagation vector ( b) and the spin-helicity vector, h s = i S i × S i+1 . Consequently, the ferroelectric polarization parallel to the a axis (P a ) is expected in the ab-plane cycloidal spin structure, while in the bc-plane cycloidal spin structure, that parallel to the c axis (P c ) is expected --see Fig. 2 . Direct evidence for the inverse DM mechanism was recently demonstrated by controlling the spin-helicity vector in TbMnO 3 with an external electric field [10] . Similar theoretical results have also been obtained independently in Refs. [11, 12] . In particular, Sergienko and Dagotto discussed that a spiral spin order can induce uniform shifts of the oxygen ions through [3, 15] . The region between Gd and Tb was studied using a solid solution system Gd1−xTbxMnO3 [15] . Averaged R-site radii for the solid solutions are deduced by interpolation. Insets show spin configurations of the A-type and E-type antiferromagnetic [AFM(A) and AFM(E)] states. Along the c axis, spins stack antiferromagnetically. PE and FE denote paraelectric and ferroelectric phases, respectively. In the AFM(E) phase, possible ferroelectricity due to an exchange-striction mechanism was theoretically proposed [21, 22, 23] , and it was confirmed experimentally [24, 25, 26] . (c) Experimentally obtained magnetoelectric phase diagram of a solid solution system Eu1−xYxMnO3 in plane of temperature and Y concentration x reproduced from Ref. [18] . Insets show spin configurations of the ab-cycloidal, bc-cycloidal, and sinusoidal collinear states. Spin configuration of the AFM(A) state with weak ferromagnetism (WFM) seen along the a axis is also shown.
the spin-lattice coupling via the DM interactions, leading to the electric polarizations given by Eq. (1). Recent first-principles calculations revealed that the SergienkoDagotto type lattice-mediated contribution is dominant for the ferroelectric polarization relative to the KNB type pure-electronic contibution [13, 14] . While only the P c phase with bc-cycloidal spin structure is observed in the single-rare-earth compounds like TbMnO 3 and DyMnO 3 , the P a phase with ab-cycloidal spin structure can be observed on the verge of the AFM(A) phase when we continuously control magnitude of the GdFeO 3 -type distortion using a solid solution system Gd 1−x Tb x MnO 3 [15] . Moreover, reorientation of the polarization occurs from P a to P c with increasing Tb concentration x --see Fig. 1(b) . This phenomenon is ascribed to a spin-cycloidal-plane flop from the ab plane to the bc plane [16] .
The reorientation of the electric polarization is also observed in another solid solution system Eu 1−x Y x MnO 3 [17, 18] .
Phase diagrams of this system were experimentally studied for compositions 0 ≤ x 0.5 as functions of temperature and Y concentration x [17, 18, 19, 20] --see Fig. 1 (c). According to these experiments, the ground state changes ap-
FIG. 2: (Color online) (a)
Relationship between the spinhelicity vector hs = P i Si × Si+1 and the spontaneous electric polarization P in the ab-cycloidal spin structure expected from the spin-current model [9, 11, 12] , and (b) that in the bc-cycloidal spin structure.
proximately at x ∼ 0.2-0.3 from the canted AFM(A) state without long-range ferroelectric order towards the presumably ab-cycloidal spin state with P a . For higher Y concentrations of x ≥ 0.4, the orientation of polarization spontaneously changes from P c at higher temperatures towards P a at lower temperatures. In addition, the regime of P c phase increases with increasing x, which resembles the polarization flop with increasing x in the Gd 1−x Tb x MnO 3 system. These results indicate that the polarization flop occurs both thermally and by the increase of GdFeO 3 -type distortion. These phenomena are caused purely by interactions among the Mn 3d spins since the Eu 1−x Y x MnO 3 system is free from the influence of f -electron moments on the R ions.
The above experimental results tell us that the manganite system exhibits the AFM(A), ab-cycloidal, bc-cycloidal, and AFM(E) phases successively as the GdFeO 3 -type distortion increases. In particular, the cycloidal-plane flop between ab and bc is quite important since the plane is related to the orientation of electric polarization. According to Ref. [3] , enhanced tilting of the MnO 6 octahedra leads to an increase of the secondneighbor antiferromagnetic exchanges (J 2 ), which compete with the nearest-neighbor ferromagnetic exchanges (J 1 ) in the ab plane. Resulting weakening of the effective in-plane ferromagnetic interactions causes reduction of the Néel temperature in the AFM(A) phase as the (averaged) R-site radius decreases. We can attribute the emergence of the long-wave-length antiferromagnetic orders or that of the spiral spin orders to magnetic frustration caused by the above competition. The spiral spin order can be reproduced by a simple J 1 -J 2 Heisenberg model [27, 28, 29] . Within this model, however, there exists degeneracy and the cycloidal plane cannot be specified so that the observed cycloidal-plane flop cannot be explained.
Below we summarize puzzling issues in the experimental phase diagrams of RMnO 3 :
• An issue how the bc-cycloidal order is stabilized in the strongly distorted materials despite the fact that in the perovskite manganites, the c axis is always a hard magnetization axis.
• A mechanism of the spin-cycloidal-plane (electricpolarization) flop with increasing GdFeO 3 -type distortion.
• A mechanism of the thermally induced cycloidalplane flop or an issue why the bc-cycloidal phase appears above the ab-cycloidal phase in temperature.
• Origin and nature of the sinusoidal collinear phase in the intermediate temperature region.
• An issue why the Mn spins in the AFM(A) and the sinusoidal collinear states direct along the orthorhombic b axis [30, 31, 32, 33, 34] .
These issues are interesting not only for potential applications but also for fundamental physics. Previously, Ishihara and coworkers theoretically studied the phase diagram with the use of a two-dimensional J 1 -J 2 Ising model [3] . Although they predicted long wave-length magnetic structures between AFM(A) and AFM(E) phases, they inevitably failed to reproduce the cycloidal spin order and the sinusoidal collinear spin order since they treated the Mn spins as Ising spins. Recently, Dagotto and coworkers theoretically studied the phase diagram and the cycloidal spin order by employing a two-orbital double-exchange model on the twodimensional lattice with some additional terms [11, 35] . In Ref. [11] , they incorporated the lattice elastic energy as well as the DM interactions with vectors on the Mn-O-Mn bonds coupling to the oxygen displacements, but neglected the second-neighbor spin exchanges. They discussed that the cycloidal spin order is stabilized due to the ferri-type arrangement of DM vectors realized by uniform shifts of the oxygens. In Ref. [35] , they considered quite weak next-neighbor spin exchanges, but neglected the DM interactions. They reproduced the successive emergence of three magnetic phases in the ground state, i.e., AFM(A), cycloidal, and AFM(E) phases. However, in those studies, neither the spin-cycloidal-plane flop nor the sinusoidal collinear state was reproduced. In addition, the issues on the easy-axis spin anisotropy in the AFM(A) phase and the emergence of bc-cycloidal spin state were not addressed. Therefore, all of the abovelisted issues still remain unresolved.
In this paper, we theoretically investigate the magnetoelectric phase diagrams of RMnO 3 in the absence of external magnetic field. We construct a microscopic spin model, which is basically a classical S=2 Heisenberg model on a cubic lattice, but includes some additional magnetic anisotropies and interactions [36] . By analyzing this model using the Monte-Carlo method, we obtain phase diagrams in good agreement with experiments. We discuss a number of puzzling issues on the magnetoelectric phase diagrams of the perovskite manganites listed above by particularly focusing on the mechanism of the spin-cycloidal-plane flop. We reveal that the DM interaction between spins neighboring along the x or y axis as well as the single-ion anisotropies, because of which the c axis becomes a hard magnetization axis, favor the ab-cycloidal spin state with P a , while the DM interaction between spins neighboring along the c axis favors the bccycloidal spin state with P c . Their competition turns out to be controlled by the GdFeO 3 -type distortion, or equivalently by the second-neighbor exchanges J 2 enhanced by this lattice distortion. This leads to a polarization flop from P a to P c with decreasing R-site radius in agreement with the experiments.
Here we note that although recent intensive experiments on the present manganites have uncovered rich phase diagrams and phenomena also in the presence of magnetic fields [1, 18, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53] , these issues are beyond the scope of this paper. However, a microscopic model constructed in this paper would offer a very powerful basis for studying the magnetic-field effects in the multiferroic manganites as well.
Moreover, several fascinating phenomena originating from the strong magnetoelectric coupling have been observed in the multiferroic phases in RMnO 3 , and have attracted appreciable interest as listed below:
• The polarization flop can be induced also by an external magnetic field. In TbMnO 3 and DyMnO 3 , for instance, the electric polarization flops from P c to P a by applying a magnetic field along the a or b axis [1, 37] . On the other hand, the polarization in Eu 1−x Y x MnO 3 with x =0.4-0.5 flops from P a to P c with a magnetic field along the a axis [18] . In addition, control of the electric polarization vector using the rotating magnetic field was demonstrated experimentally [38, 39] .
• There are experimental [54, 55] and theoretical [56, 57] [64, 65] at terahertz frequencies.
• Giant magnetocapacitance was observed at a threshold magnetic field for polarization flop in DyMnO 3 [1, 37, 40] , and its mechanism has attracted interest [41, 42] . On the basis of the dielectric-dispersion measurements, this phenomenon was attributed to the electric-field-driven motion of the multiferroic domain wall between domains with orthogonal spin-cycloidal planes and concomitant orthogonal ferroelectric polarizations [41] . It was revealed that the macroscopic motion of the multiferroic domain wall is possible with electric fields of practical magnitude, which enables the electric control of magnetic domains.
It is widely recognized that interplay between charge, orbital, spin and lattice degrees of freedom is a key to understanding of these phenomena, similarly to the colossal magetoresistance in the hole-doped RMnO 3 [66] . Therefore, construction of a microscopic model would represent a very important basis to approach these issues. Upon construction of a model, whether the experimental phase diagrams can be reproduced or not shall be an efficient test for its validity.
Furthermore, new insights into the magnetoelectric coupling obtained here would be useful when we study the related phenomena not only for the present manganites but also for other newly-discovered multiferroic materials. The magnetically-induced ferroelectricity has recently been found in several transverse-spiral magnets [67, 68] [74] and CuO [75] , and also in a transverse cone-spiral magnet CoCr 2 O 4 [76] . Furthermore, it was demonstrated that a conical spin order induced by an external magnetic field also generates the electric polarization in ZnCr 2 Se 4 [77] and Y-type hexaferrites [78, 79] . Under this circumstance, clarification of the essential physics behind the rich phase diagrams, and a microscopic description of the magnetoelectric systems in the perovskite manganites have attained increasing importance because the manganite system is the first discovered example, and hence a prototype of a series of these new multiferroic materials.
The organization of this paper is as follows. In Sec. II, we construct a microscopic spin model to describe the Mn 3d-spin system in the perovskite manganites. In Sec. III, we discuss the calculated results obtained by analyzing this model in the Monte-Carlo simulations. We study phase diagrams and properties of several phases in Sec. III B. We address an issue on the spin-cycloidalplane flop (or the electric-polarization flop) in Sec. III C. In Sec. III D, we also investigate detailed ground-state spin structures of the cycloidal spin states by numerically solving the Landau-Lifshitz-Gilbert equation. On this basis, we discuss the experimentally claimed elliptical modulation of the spin cycloid [10, 80] . In Sec. III E, by examining effects of the single-ion anisotropies, we address an issue why spins in the AFM(A) state and those in the sinusoidal collinear state are aligned parallel to the b axis. In Sec. III F, we discuss the nature and origin of the sinusoidal collinear spin phase at intermediate temperatures. Section IV is devoted to conclusion and discussion. We also explain how we calculate values of parameters in our model in Appendices A, B and C.
II. MODEL AND METHOD

A. Model Hamiltonian
To describe the Mn 3d-spin system in RMnO 3 , we employ a classical Heisenberg model with some additional interactions and magnetic anisotropies on a cubic lattice. In this Hamiltonian, we treat the Mn S=2 spins as clas-sical vectors, i.e. S i =( S 2 − S 2 c cos θ i , S 2 − S 2 c sin θ i , S c ) with respect to the P bnm a, b and c axes. The Hamiltonian consists of four contributions as
with
+J c c <i,j>
where i x , i y and i z represent coordinates of i-th Mn ion with respect to the cubic x, y and z axes. In the following, we explain each of these terms in detail, including definitions of other indices and variables.
B. Superexchange interactions
The first term H ex represents superexchange interactions. This term contains ferromagnetic exchanges J ab on the Mn-Mn bonds along the x and y axes, antiferromagnetic exchanges J 2 on the in-plane diagonal Mn-Mn bonds along the orthorhombic b axis, and antiferromagnetic exchanges J c on the Mn-Mn bonds along the c axis --see Fig. 3(a) .
The Jahn-Teller distortion in RMnO 3 causes a C-type orbital ordering. Consequently, the ferromagnetic J ab is caused by the antiferro arrangement of e g orbitals in the ab plane, while along the c axis the antiferromagnetic J c is caused by the ferro-orbital stacking. On the other hand, the antiferromagnetic J 2 arises from an exchange path between two Mn e g orbitals in the b direction via two oxygen 2p orbitals as shown by a dashed line in Fig. 3(b) . The strength of the second-neighbor exchanges J 2 increases with increasing GdFeO 3 -type distortion since the distortion enhances hybridization between these two oxygen 2p orbitals [3, 81] .
It should be mentioned that in other orthorhombic perovskite compounds, the strength of the second-neighbor exchanges J 2 is negligibly weak as compared to that of the nearest-neighbor exchanges J ab . By contrast, in the manganites, these two exchanges J 2 and J ab are comparable in strength, and the second-neighbor exchanges J 2 play important roles in determining the magnetic properties. This can be attributed to the electronic structure of Mn 3+ ion with t [84, 85, 86, 87, 88] . In the second row, their ground-state magnetic structures are presented. Calculated values of D and E contain some ambiguities due to uncertainty in the optical absorption data [89, 90] . The values in the upper (lower) rows are calculated using the data from Ref. [89] (Ref. [90] ). Values of the second-neighbor antiferromagnetic exchange J2 are also presented in the last row, which are calculated using the J1-J2 
Fig. 4(a).
The exchange between the S=1/2 spins on the staggered e g orbitals gives a ferromagnetic contribution, while in the t 2g -orbital sector, the antiferromagnetic coupling is realized between the S=3/2 spins. The cancellation of these opposite contributions results in the small magnitude of J ab . On the other hand, for the Mn-Mn pairs neighboring along the b axis, both the e gorbital and the t 2g -orbital sectors give antiferromagnetic contributions to the superexchange J 2 as in Fig. 4 (b), resulting in the relatively large magnitude of J 2 . The frustration between the ferromagnetic J ab and the antiferromagnetic J 2 stabilizes a spiral spin order in RMnO 3 compounds with relatively strong GdFeO 3 -type distortion like TbMnO 3 , DyMnO 3 , and certain kinds of solid solutions.
We calculate the values of superexchange parameters J ab and J c for several RMnO 3 compounds by using formulae given in Refs. [82, 83] . The results are listed in Table I . The structural data used in this calculation are taken from Refs. [84, 85, 86, 87, 88] . The changes of their values are very small upon the R-site variation as far as vicinities of the multiferroic phases are concerned. We take J ab =0.80 meV and J c =1.25 meV in the following calculations. We also estimate the values of J 2 in TbMnO 3 , DyMnO 3 , YMnO 3 and several solid solutions by employing the two-dimensional J 1 -J 2 classical Heisenberg model, which reveals that the value of J 2 monotonically increases with decreasing R-site radius. For the details, see Appendices A and B. The second term H sia denotes the single-ion anisotropies, which is determined by the wave function of occupied e g orbital, or equivalently by the local environment of Mn 3+ ion surrounded by six oxygens. Here ξ i , η i and ζ i are tilted local axes attached to the i-th MnO 6 octahedron as shown Fig. 3(a) . This term consists of two parts, i.e. H D sia and H E sia . The former part H D sia implies that the ζ i axis is a local hard magnetization axis at every site, and consequently the crystal c axis becomes a hard magnetization axis since the ζ i axis at each site directs nearly along the c. On the other hand, the latter part H E sia implies that the ξ i and η i axes become a local hard magnetization axis alternately in the ab plane. This is due to the staggered ordering of occupied e g orbitals, i.e. the 3x 2 -r 2 /3y 2 -r 2 type orbital ordering. We derive directional vectors of the ξ i , η i and ζ i axes with respect to the a, b and c axes using coordination parameters of oxygens as
Here x O2 , y O2 and z O2 are the coordination parameters of the in-plane oxygens, x O1 , y O1 and z O1 are those of the out-of-plane oxygens, and a, b and c are the lattice parameters. For values of these parameters, we use the experimental data of EuMnO 3 [87] (see Table II ) throughout the calculations for simplicity. We have confirmed that the results are not significantly changed even if we use the values for other RMnO 3 compounds especially with R=Gd, Tb, Dy, Y and Ho. We note that the axis vectors ξ i , η i and ζ i in Eqs. (7)- (9) 
In Table. I, the values of D and E are listed, which are calculated using formulae given in Ref. [89] . Noticeably, the values are all approximately equal in the compounds located near/in the multiferroic phases in the phase diagram although the calculated values contain some ambiguities due to uncertainty in the optical absorption data [89, 90] . We take D=0.25 meV and E=0.30 meV in the following calculations. For details of the parameter calculations here, see Appendix C.
D. Dzyaloshinsky-Moriya interaction
The third term H DM denotes the DzyaloshinskyMoriya (DM) interactions [91, 92, 93] . The DM vector d 
because of the crystal symmetry.
The five DM parameters, α ab , β ab , γ ab , α c , and β c , in LaMnO 3 was evaluated in the first-principles calculation [94] , which shows that the DM vector on the in-plane Mn-O-Mn bond is nearly perpendicular to the plane consisting of the corresponding Mn, O, and Mn ions, while the DM vector on the out-of-plane bond is not. This can be understood as follows. The spin exchange on the inplane Mn-Mn bond is governed by the exchange path via the inbetween one oxygen, i.e. the Mn-O-Mn path. Thus the direction of the DM vector on the in-plane bond is dominantly determined by local symmetry of the Mn-OMn bond. On the other hand, the spin exchange on the out-of-plane Mn-Mn bond is not necessarily governed by the Mn-O-Mn path along the c axis, and contributions from indirect paths containing more than one oxygens are not negligible since the occupied e g orbitals are directed not along the c axis but in the ab plane. As a result, the DM vector on the out-of-plane bond does not reflect the local symmetry of the Mn-O-Mn bond.
In addition, according to the electron-spin resonance (ESR) measurements for LaMnO 3 [95, 96, 97] , the DM vector on the out-of-plane bond is approximately four times larger in magnitude than the vector on the in-plane bond. We expect that the above findings also hold in other RMnO 3 compounds although neither theoretical nor experimental studies on the DM vectors presently exists except for R=La. In our calculation, we take α ab =0.10 meV, β ab =0.10 meV, γ ab =0.14 meV, α c =0.30 meV and β c =0.30 meV. With this set of parameters, the above two features are reproduced: the DM vector on the in-plane bond is nearly perpendicular to the corresponding Mn-O-Mn plane, and the vector on the out-of-plane bond is approximately three times larger than the vector on the in-plane bond.
We also mention that the a components of DM vectors on the out-of-plane bonds have the same signs within each plane, but the signs alternate along the c axis. This situation gives rise to a weak ferromagnetism with moments along the c axis due to the spin canting in the AFM(A) phase in agreement with the experimental observation [18, 98] .
E. Cubic anisotropy
The last term H cub represents the cubic anisotropy, which comes from nearly cubic symmetry of the perovskite lattice. Here, S x , S y and S z are written as
, and S z = S c . The coupling constant a in the Mn 3+ ion surrounded by the octahedrally coordinated oxygens was evaluated to be 0.0162 meV in the ESR measurement [90] . We neglect a slight contribution from the orthorhombic lattice distortion to the spin anisotropy since it is expected to be very small. We calculate thermodynamic properties of the model (2) by using the Monte-Carlo method. The model parameters used in the calculations are summarized in Table III. To avoid a critical slowing down in the frustrated systems, we employ the replica exchange Monte-Carlo method [99] . We take an exchange sampling after every 400 standard Monte-Carlo steps. Typically, we perform 600 exchanges after sufficient thermalization MonteCarlo steps. In the following, we mainly show the results obtained for systems with 48×48×6 sites under the periodic boundary condition. By performing the calculations also for systems with 36×36×6 sites at some parameter values, and by adopting the open boundary condition also, we confirm that the finite-size effect is small enough and never affects our conclusion.
On the other hand, we study ground-state properties by numerically solving the Landau-Lifshitz-Gilbert equation. We derive effective local magnetic fields H eff i acting on the i-th Mn spin S i from the Hamiltonian H as
Then, we construct a Landau-Lifshitz-Gilbert equation with thus obtained local fields;
where α G is the dimensionless Gilbert-damping coefficient introduced phenomenologically. For the value of α G , we take a rather small value of α G = 0.01 to achieve a slow relaxation towards a stable spin structure with a minimum energy. We solve this equation using the Runge-Kutta method. For the convergence, we use thermally relaxed spin configurations obtained in the MonteCarlo simulations at the lowest temperature (k B T ∼ 0.5 meV) as initial states.
III. RESULTS
A. Overview
When we study the experimental phase diagrams introduced in Sec. I, we assume that main roles of the GdFeO 3 -type distortion on the magnetic and electric properties in RMnO 3 are induction and enhancement of the second-neighbor antiferromagnetic exchanges J 2 . Here, AFM(A)+WFM denotes the A-type antiferromagnetic phase with weak ferromagnetism due to the spin canting, and PE and FE denote paraelectric and ferroelectric phases expected in the spin-current model [9, 11, 12] , respectively.
Under this assumption, we investigate the T -r R diagrams for RMnO 3 (r R is the ionic R-site radius) and the Tx diagrams for solid solutions by varying the value of J 2 . In Sec III B, we first display a theoretically obtained T -J 2 phase diagram, which shows good agreement with the experimentally obtained T -x phase diagram of Eu 1−x Y x MnO 3 in Ref. [18] . Then we show calculated results for the momentum dependence of spin and spin-helicity correlation functions, and the temperature dependence of specific heat and spin-helicity vector. We discuss how we identify phase transitions and magnetic structures in the phase diagram with the aid of these results. In Sec. III C, we discuss a mechanism of the orthorhombic-distortion-induced spin-cycloidal-plane (electric-polarization) flop. We also demonstrate that the regime of bc-cycloidal spin (P c) phase increases as the DM parameter α c increases, and the experimental phase diagram of the Gd 1−x Tb x MnO 3 system in Ref. [15] is reproduced well for a rather large value of α c = 0.38 meV. In Sec. III D, we study the ground-state spin structures in the ab-and bc-cycloidal spin phases, and discuss the experimentally claimed elliptical modulation of the cycloidal spin structure. In Sec. III E, by examining effects of the single-ion anisotropies, we address the issue why the Mn spins are aligned along the b axis in the AFM(A) and sinusoidal collinear phases. In Sec. III F, we discuss the sinusoidal collinear spin phase in the intermediate temperature region by examining the role of the singleion anisotropies on its emergence.
B. Phase diagram
In Fig. 6 , we display a theoretically obtained T -J 2 phase diagram, which reproduces the experimental T -x phase diagram of Eu 1−x Y x MnO 3 system [ Fig. 2(b) ]. This theoretical diagram shows that at the lowest tempera-ture, the canted AFM(A) state emerges for J 2 ≤ 0.59, while for J 2 ≥ 0.59, the cycloidal spin states emerge. For 0.59≤ J 2 ≤ 0.64, the system undergoes two thermal phase transitions, and the paramagnetic, sinusoidal collinear, and ab-cycloidal phases successively emerge with lowering temperature. On the other hand, for J 2 ≥ 0.64, the system undergoes three thermal phase transitions, and four magnetic phases, i.e., the paramagnetic, sinusoidal collinear, ab-cycloidal and bc-cycloidal phases, successively emerge as temperature decreases. The third transition is nothing but a spin-cycloidal-plane flop from the bc plane to the ab plane. The regime of bccycloidal phase increases with increasing J 2 . According to the spin-current model, the ferroelectricity with P a is expected to show up in the ab-cycloidal spin phase and that with P c in the bc-cycloidal spin phase. Note that in the gray region in Fig. 6 , we obtain several complicated magnetic structures, whose spin correlation functions show peaks at several k-points. They are considered to be artifacts of the finite-size calculation for 48×48×6 sites. In the vicinity of the AFM(A) phase, pitches of the spiral and sinusoidal spin states become so long and the magnetic unit cells become so large that the calculation tends to be seriously affected by the finite-size effects.
We identify each of the phases and each of the transitions in the above phase diagram by calculating several physical quantities. The magnetic structures are assigned from calculated momentum dependence of the spin correlation functionŜ α (k, T ) and that of the spin-helicity correlation functionĤ 
where the bracket denotes the thermal average. Here, h b αi is the α component of local spin-helicity vector h
In the following, we write these correlation functions simply asŜ α (k) andĤ b α (k) by omitting T . In a cycloidal spin state, all of the local spin-helicity vectors point in the same direction perpendicular to the basal cycloidal plane. In this sense, the cycloidal spin state can be regarded as a ferrohelicity state. Furthermore, the ab-cycloidal spin state has a ferrohelicity component along the c axis, while the bc-cycloidal spin state has that along the a axis. Thus the spin-helicity c- 0, 0, 0) . In the following, we overview features of S α (k) andĤ b α (k) in each magnetic phase by taking typical points in the phase diagram as examples, which are indicated by cross symbols in the inset of Fig. 7(a) .
In Fig. 7(a) we display the calculatedŜ α (k x , k y , π) (upper left panel) andĤ b α (k x , k y , 0) (right panel) in the AFM(A)+WFM phase. In this phase, the Mn spins are aligned nearly parallel to the b axis, and couple ferromagnetically in the ab plane with antiferromagnetic stacking along the c axis. As a result, the spin b-component correlationŜ b (k) has a sharp peak at k = (0, 0, π), whilê S a (k) andŜ c (k) do not. On the other hand, the spinhelicity correlationĤ α (k) has no structure for any α. In addition, weak ferromagnetic moments arise due to the spin canting. As shown in the lower panel of Fig. 7(a) 
These vectors direct in the positive a direction or in the negative a direction uniformly in the plane, and these two kinds of planes are stacked alternately. Thus if we introduce the correlation function of h c i aŝ
the a-component correlationĤ c a (k, T ) has a peak at k=(0, 0, π) --not shown.
In Fig. 7(b) , we display the calculatedŜ α (k x , k y , π) andĤ b α (k x , k y , 0) in the ab-cycloidal phase. In this phase, the Mn spins rotate in the ab plane, while they couple antiferromagnetically along the c axis. As a result, the spin correlationsŜ a (k) andŜ b (k) exhibit sharp peaks at (k a , k b , k c ) = (0, ±q m , π) with a finite q m . The rotating spins in the ab plane give rise to a ferro-arrangement of the spin helicities h In Fig. 8 , we show the temperature dependence of specific heat C s (T ) and spin-helicity vector h b s (T ) for various values of J 2 , which are calculated by,
Here, h γ (T ) (γ=a, b and c) denotes the γ component of spin-helicity vector h
has a large value, while other two components are strongly suppressed. On the other hand, in the paramagnetic, canted AFM(A) and sinusoidal collinear phases, all of these three components should be nearly equal to zero.
In Fig. 8(a) , we can see a single phase transition in C s (T ) for a small value of J 2 =0.36 meV, which corresponds to a transition from paramagnetic into canted AFM(A) phases. The spin-helicity vector h b s (T ) is nearly equal to zero constantly through this transition.
For a larger value of J 2 =0.62 meV, C s (T ) shows two peaks as shown in Fig. 8(b) , indicating that successive two transitions occur with lowering temperature. The spin-helicity vector h b s (T ) is almost unchanged, and is approximately zero through the first transition, at which the system enters into the sinusoidal collinear phase from paramagnetic phase. Contrastingly, at the subsequent transition, its c component h c (T ) starts increasing, indicating a transition into the ab-cycloidal phase.
For a further increased value of J 2 =0.80 meV, the system exhibits successive three phase transitions as temperature decreases --see Fig. 8(c) . The first one is a transition from paramagnetic to sinusoidal collinear phases through which all of the three components of h b s (T ) are again approximately zero constantly. At the second transition, its a component, h a (T ), increases, while other two components are remain to be small, indicating a transition into the bc-cycloidal phase. With further lowering temperature, the a component h a (T ) suddenly drops, while the c component h c (T ) steeply increases at the third transition point, indicating a spin-cycloidal-plane flop from the bc plane to the ab plane.
C. Orthorhombic-distortion-induced polarization flop
In RMnO 3 , the c axis is always a hard axis for magnetization due to the single-ion anisotropies H D sia . Therefore, the bc-cycloidal spin state seems to be higher in energy than the ab-cycloidal spin state at first sight. In this sense, the emergence of bc-cycloidal spin order is puzzling. Moreover, the bc-cycloidal spin phase emerges next to the ab-cycloidal spin phase with increasing GdFeO 3 -type distortion. The mechanism of this lattice-distortioninduced cycloidal-plane flop has not been clarified yet.
If the Hamiltonian contains the superexchange term only, spins in the cycloidal state rotate uniformly. In the ground state, the angle φ between adjacent two spins along the x or y axis satisfies the relation, cos φ = J ab /(2J 2 ). On the other hand, if we introduce the DM interactions, the rotation angles should be modulated, and are no longer the same.
In the ab-cycloidal spin state, the rotating spins couple dominantly to the c components of DM vectors on the in-plane Mn-O-Mn bonds. Their magnitudes are all equal to γ ab , and their signs (i.e. +γ ab and −γ ab ) alternate along the x and y bonds --see the left panel of Fig. 9(a) . Without DM interaction, the spins rotate with the same rotation angles of φ ab . On the other hand, in the presence of DM interactions, the rotation angles become to be alternately modulated into φ ab + ∆φ ab and φ ab − ∆φ ab with ∆φ ab > 0 to get an energy gain from the DM interactions --see the right panel of Fig. 9(a) . We can derive the energy gain due to this angle modulation as
This expression implies that the energy gain |∆E ab DM | is reduced with increasing φ ab because the prefactor | cos φ ab | becomes maximum (=1) for φ ab =0 but decreases as φ ab increases. Thus the ab-cycloidal spin state is destabilized with increasing J 2 or with increasing GdFeO 3 -type distortion.
On the other hand, the spins in the bc-cycloidal state dominantly couple to the a components of DM vectors on the out-of-plane Mn-O-Mn bonds. Their magnitudes are all equal to α c , and their signs are the same within a plane, but alternate along the c axis --see the left panel of Fig. 9(b) . Without DM interaction, the angles between adjacent two spins along the c axis are uniformly φ c = π because of the strong antiferromagnetic coupling J c . In the presence of DM interactions, the angles again suffer from staggered modulation into π+∆φ c and π−∆φ c with ∆φ c > 0 --see the right panel of Fig. 9(b) . Similarly to the ab-cycloidal case, we can derive the energy gain due to the angle modulation as
Since the value of | cos φ c | becomes maximum (=1) at φ c = π, the energy gain ∆E bc DM for the bc-cycloidal spin state is always maximum irrespective of the value of J 2 .
As a result, the energetical advantage of bc-cycloidal spin state relative to the ab-cycloidal one due to the DM interactions, |∆E bc DM − ∆E ab DM |, increases as J 2 increases. The bc-cycloidal spin state is expected to be stabilized when the above energy difference dominates over the energetical disadvantage due to the hard magnetization c axis.
According to the above discussion, we expect that the a component of DM vector on the out-of-plane Mn-O-Mn bond is relevant to the stability of bc-cycloidal spin state. The experimental phase diagram of Gd 1−x Tb x MnO 3 depicted in Fig. 2(b) is reproduced when α c =0.38 meV as in Fig. 10(c) . This value is slightly larger than α c =0.30 meV, for which the phase diagram of Eu 1−x Y x MnO 3 is reproduced. This difference may be due to different R-site-radius dependence of the GdFeO 3 -type distortion. According to Ref. [17] , the lattice parameters of TbMnO 3 are equivalent to those of Eu 1−x Y x MnO 3 with x ∼ 0.85 although TbMnO 3 is expected to be located at x ∼ 0.4 in the T -x diagram in terms of the averaged R-site radius. This indicates that the lattice of TbMnO 3 is more significantly distorted than expected from comparison to the Eu 1−x Y x MnO 3 system --we may have to consider not only the average of R-site radii but also their variance [100] . The out-of-plane Mn-O-Mn bond angles in Gd 1−x Tb x MnO 3 tend to more significantly deviate from 180
• than those in Eu 1−x Y x MnO 3 system, resulting in larger DM vectors on the out-of-plane bonds or a larger value of α c . (Note that the DM vector becomes zero when the bond angle is 180
• because of symmetry.) We should also note that there is a slight difference between the experimental diagram of Gd 1−x Tb x MnO 3 and theoretical diagram for α c =0.38 meV --compare Fig. 2(b) and Fig. 10(c) . In the experimental one, the phase boundary between the ab-and bc-cycloidal spin phases slightly bends, and in the very narrow region near the phase boundary, the system exhibits a reentrant behavior with successive transitions from bc-to ab-and again to bc-cycloidal spin phases with lowering temperature. In addition, the ab-cycloidal spin order is absent in the ground state. These points are not reproduced in our calculation. This discrepancy may be solved by considering effects of the f -electron moments on the rare-earth ions, which order approximately below 10 K. PE and FE denote paraelectric and ferroelectric phases expected in the spin-current model [9, 11, 12] , respectively.
Here we emphasize that overall features of the phase diagram of Gd 1−x Tb x MnO 3 can be reproduced within the Mn 3d-spin sublattice model. However, to reproduce its subtle features, we may need to consider couplings between the Mn 3d spins and the rare-earth f -electron moments [8, 101, 102, 103, 104] . By contrast, in the case of Eu 1−x Y x MnO 3 without interference from f -electron moments, the agreement between the experiment and the calculation is quite good.
To summarize this section, the ab-and bc-cycloidal spin states in RMnO 3 are stabilized by the single-ion anisotropy or the DM interaction. Namely, the hard magnetization c axis due to the single-ion anisotropy gives a relative stability to the ab-cycloidal state, while the bccycloidal state is stabilized by the DM vectors on the outof-plane bonds. On the other hand, the ac-plane spin cycloid is unfavorable. Recent first-principles calculations for TbMnO 3 also confirmed this tendency [13, 14] .
D. Magnetic structures in the cycloidal spin states
The calculated spin correlation functionsŜ a (k) and S b (k) in the ab-cycloidal spin phase are not equal in magnitude of the peak --see Fig. 8(d) . This is also the case forŜ b (k) andŜ c (k) in the bc-cycloidal spin phase --see Fig. 8(c) . At first sight, this seems to mean that the magnitude of ordered magnetic moment depends on its direction. The inequivalency betweenŜ b (q) andŜ c (q) was actually observed in the recent spin-polarized neutron scattering experiments for TbMnO 3 and Tb 1−x Dy x MnO 3 , and was ascribed to an elliptical modulation of the spin cycloid [10, 80] . Figure 11 shows the measured temperature dependence of Ŝ c (q)/Ŝ b (q) for the bc-plane spin cycloid in TbMnO 3 where q is the spiral propagation wave vector [10] . Importantly, the data for finite temperatures are extrapolated not to unity but to ∼0.8 at T = 0. This may imply that the spin cycloid is elliptically modulated even in the ground state possibly due to quantum fluctuations. However, our calculation reveals that the peaks of two spin correlation functions at T =0 are not equal even within our classical model [see insets of Figs. 12(a) and 12(b)], in which the quantum fluctuations are not taken into account, indicating that the consideration of quantum fluctuations is not necessarily required to explain this experimental observation.
In the following, we address this issue by investigating the detailed spin structures in the cycloidal spin states. We first show the calculated temperature dependence of Ŝ a (q)/Ŝ b (q) for the ab-cycloidal case in Fig. 12(a) , and that of Ŝ c (q)/Ŝ b (q) for the bc-cycloidal case in meV, respectively. Since the commensurate spin cycloid is convenient for discussion, we choose J 2 = 0.80 meV (i.e. J ab /J 2 = 1), for which the spiral propagation wave number becomes q m = 1/3. This value corresponds to an intermediate value of q m ∼ 0.28 in TbMnO 3 and q m ∼ 0.36 in DyMnO 3 . The data for finite temperatures are obtained by the Monte-Carlo simulations, while those for the ground states are obtained by numerically solving the Landau-Lifshitz-Gilbert equation. They are smoothly connected, and reproduce the experimentally observed temperature dependence and the non-unity values at T =0 for both ab-and bc-cycloidal cases.
To clarify the origin of non-unity values of Ŝ a (q)/Ŝ b (q) and Ŝ c (q)/Ŝ b (q) at T =0, we investigate detailed spin structures in the ground state for both ab-and bc-cycloidal cases. The results are shown in Figs. 12(c) and 12(d). Noticeably, the rotation angles of cycloidal spins are not uniform, but suffer from considerable modulation. This rotation-angle modulation is due mainly to the single-ion spin anisotropies. The spins avoid to point along the hard magnetization axes, but prefer to direct along the easy magnetization axes. This is the very origin of the above inequivalent peak values of two kinds of spin correlation functions. We expect that higher harmonic peaks of the spin correlation functions should appear somewhere in the momentum space. In the ab-cycloidal case, we can see additional tiny peaks in the inset of Fig. 12(a) .
E. Effects of single-ion anisotropies in the collinear spin states
In the (nearly) collinear magnetic phases in RMnO 3 like AFM(A) and sinusoidal phases, the Mn spins are aligned parallel to the b axis. The issue which interac- , the DMinteraction term (H DM ), and the cubic-anisotropy term (H cub ). Among them, the DM-interaction term turns out to be irrelevant. We confirm that the spins in these phases are still parallel to the b axis even without DM interaction.
In the literature, Matsumoto discussed a combination effect of cubic anisotropy H cub and one of the single-ion anisotropies H D sia in the tilted MnO 6 octahedra [89] . Using the polar representation (S ai , S bi , S ci ) = (S sin θ i cos φ i , S sin θ i sin φ i , S cos θ i ) --see Fig. 13(a) , and considering that the hard magnetization along the c
This expression implies that the cubic anisotropy favors spins pointing along the a or b axis since this term has energy minima at φ i = 0, π/2, π, and 3π/2. Furthermore, tilting of the MnO 6 octahedra makes the local ζ i axes, which are local hard magnetization axes at every Mn site, inclined towards the a axis, resulting in a relatively hard magnetization along the a axis. Seemingly, this leads to a relatively easy magnetization along the b axis. The energy of H cub + H D sia in the polar representation with θ i = π/2 indeed gives energy minima when the spin points in the ±b direction (i.e. φ i = π/2 and 3π/2).
However, this scenario turns out to be wrong since the energies of H cub and H Table III (see  Sec. II). The temperature range over which the sinusoidal collinear spin phase emerges increases as E is increased.
F. Sinusoidal collinear spin phase
In this section, we discuss the nature and origin of the sinusoidal collinear spin phase in the intermediate temperature regime. In this phase, the spins are aligned along the b axis with sinusoidally modulated amplitudes. We find that for its emergence, the single-ion anisotropy term H E sia is essentially important. In Fig. 14 , we display evolution of each magnetic phase as a function of the anisotropy parameter E. This figure shows that the temperature range over which the sinusoidal collinear phase emerges increases as E is increased.
As we have discussed in the previous section, when the GdFeO 3 -type distortion is present, the term H E sia generates an easy-axis spin anisotropy along the b axis in the collinear spin phase. In fact, this easy-axis anisotropy is decisively important for the stability of the sinusoidal collinear phase. To see the importance of easyaxis anisotropy, we have performed calculations for the cubic-symmetry case, i.e. the case without GdFeO 3 -type distortion. We set a=b, x O1 =0, y O1 =0.5, x O2 =0.75, y O2 =0.25, and z O2 =0 for the local-axis vectors ξ i , η i and ζ i in Eqs. (7)- (9) . As a result, the local axes ξ i , η i and ζ i attached to the i-th MnO 6 are equivalent to the crystallographic x, y and z axes. In this case, the term H sia does not generate an easy-axis anisotropy, and the sinusoidal collinear phase indeed disappears. Instead, we further add a term of the easy-axis anisotropy H K by hand to the Hamiltonian (2), which is given by
with K > 0. We obtain similar evolution of the sinusoidal collinear phase as a function of the parameter K --see Fig. 15 . Note that when K=0, the sinusoidal collinear (27) is added to the Hamiltonian (2), which generates the easy-axis spin anisotropy along the b axis. Here, the parameter K is a variable which expresses the strength of easy-axis spin anisotropy. Values of the model parameters except for K and J2=0.80 meV are fixed at the values listed in Table III (see Sec. II). The temperature range of the sinusoidal collinear spin phase increases as K is increased.
phase vanishes, indicating that the GdFeO 3 -type distortion or the easy-axis anisotropy is indispensable for its emergence. We indeed notice that in the experimental phase diagram of Fig. 1(b) , the temperature range of the sinusoidal collinear phase is larger in a material with stronger GdFeO 3 -type distortion, or a smaller R ion. The above facts can be understood easily as previously discussed in Ref. [105] . As temperature is lowered, the first ordered state has spins aligned along the easy axis, i.e. the b axis. As temperature is further lowered, the spin length grows. Then, the system develops a longrange transverse sinusoidal order to satisfy the competition between J ab and J 2 . This requires to enter the cycloidal spin phase. The temperature range of the sinusoidal collinear phase increases as the anisotropy K is increased because the longer spin length is required to overcome the larger K, which in turn requires going to lower temperature.
IV. CONCLUSION AND DISCUSSION
In summary, we have studied the magnetoelectric phase diagrams of the perovskite manganites RMnO 3 by constructing a microscopic spin model to describe the Mn 3d-spin systems. We have analyzed this model by using the Monte-Carlo method for the thermodynamic properties and by numerically solving the Landau-LifshitzGilbert equation for the ground-state properties. Considering that the GdFeO 3 -type lattice distortion enhances the second-neighbor antiferromagnetic exchanges J 2 , we have studied the T -J 2 phase diagrams, and have obtained diagrams in good agreement with the experimental ones including two kinds of multiferroic phases, i.e. the abcycloidal spin phase with P a and the bc-cycloidal spin phase with P c .
We have discussed a mechanism of the electric polarization flop. The ab-cycloidal spin state is stabilized by the single-ion anisotropy H D sia and the DM interaction H ab DM with vectors on the in-plane bonds. Here the singleion anisotropy H D sia makes magnetization along the c axis hard. On the other hand, the bc-cycloidal spin state is stabilized by the DM interaction H c DM with vectors on the out-of-plane bonds. As the spiral rotation angle increases with increasing J 2 , the energy gain due to H ab DM is reduced in the ab-cycloidal spin state. In this way, the increasing GdFeO 3 -type distortion destabilizes the ab-cycloidal spin state. This leads to the cycloidalplane flop from ab to bc, and consequently to the electricpolarization flop from P a to P c .
We have demonstrated that the regime of bc-cycloidal spin phase with P c increases with increasing α c , and have revealed that the phase diagram of Gd 1−x Tb x MnO 3 with a large P c regime is reproduced for a rather large value of α c = 0.38 meV, while that of Eu 1−x Y x MnO 3 with a small P c regime is reproduced for a smaller value of α c = 0.30 meV. So far existence of the two different ferroelectric phases with P a and P c in RMnO 3 compounds have often been connected with the role of f -electron moments on the rare-earth ions. However our result indicates that the rare-earth magnetism plays a relatively minor role.
By investigating the detailed structures of the cycloidal spin states, we have found that the spiral rotation angles are not uniformly the same but are significantly distributed due to the single-ion anisotropies. The experimentally observed direction-dependent magnitude of spin-correlation peak is ascribed to this rotation-angle distribution instead of the elliptical modulation of the spin cycloid as claimed so far.
By examining the effect of single-ion anisotropies, we have found that because of the tilting of MnO 6 octahedra, the single-ion anisotropies, H sia = H D sia + H E sia , energetically favor spins pointing along the b axis in the AFM(A) and sinusoidal collinear phases.
We also found the sinusoidal collinear spin phase is stabilized by the easy-axis spin anisotropy along the b axis generated by the single-ion anisotropy term H sia in the distorted lattice structure of GdFeO 3 type.
The microscopic model proposed here must be helpful for studying origins and mechanisms of several intriguing magnetoelectric phenomena discovered in the present manganite compounds, e.g., origins of the electrically activated spin excitation (electromagnon) [106] , mechanisms of the magnetic-field-induced electric polarization flop [107, 108, 109] , and origins of the giant magnetocapacitance effect [41, 42] . Discussion and analysis of the spin-wave dispersions obtained in the neutron-scattering experiments [110, 111] are also an issue of interest. Now, we would like to compare our work with the recent theoretical work done by Dagotto and coworkers, which is based on the two-orbital double-exchange model with additional terms [11, 35] . In Ref. [11] , they added [115, 116] .
the DM-interaction term with DM vectors coupling to the lattice, and reproduced the cycloidal spin order. On the other hand, in Ref. [35] , they considered very weak second-neighbor spin exchanges to reproduce a successive emergence of the AFM(A), cycloidal, and AFM(E) phases, in the ground state. However, in those studies, they failed to reproduce the cycloidal-plane flop and the sinusoidal collinear phase. In addition, within their theory, it seems hard to explain the monotonical increase of the propagation wave number q Mn m (or the spiral rotation angle θ s ) with increasing GdFeO 3 -type distortion observed in experiments [18, 40, 80] . On the other hand, we consider that the second-neighbor exchanges J 2 play a predominant role in stabilizing the cycloidal spin state, and the ferroelectric polarization subsequently emerges through the inverse DM mechanism. Our model in which the strength of J 2 scales with the orthorhombic lattice distortion naturally explains the observed monotonical increase of q Mn m . Moreover, the spiral rotation angle determined by the ratio J ab /J 2 turns out to control the competition between the ab-and bc-cycloidal spin states, resulting in the electric-polarization flop. This indicates that consideration of the second-neighbor exchanges J 2 is essentially important to describe the magnetoelectric coupling in the manganite system. Importance of the further exchanges is peculiar in the present manganites. This is owing to the weak nearest-neighbor exchanges resulting from the cancellation of ferromagnetic and antiferromagnetic contributions from the e g -and t 2g -orbital sectors due to the t Indeed the values of J ab ∼1.6 meV in LaMnO 3 [112, 113] is much smaller than J ab = 13.3 meV in LaTiO 3 [114] , which is a S=1/2 G-type antiferromagnet with t 1 2g electron configuration.
It is also worthy mentioning that on the basis of the LDA+U calculation, Solovyev proposed that the thirdneighbor spin exchange J 3 (see Fig. 16 ) is increased by the GdFeO 3 -type distortion, and this exchange also plays an important role for stability of the spiral spin order [115, 116] . In this case, the propagation wave vector of the magnetic spiral is determined by the frustra-tion among three exchanges J ab , J 2 and J 3 , and its wave number q m is given by,
To check whether the consideration of J 3 affects the results presented in this paper, we have examined the effects of J 3 . We have found that once the wave number q m is determined, the same results are obtained.
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We are pleased to acknowledge enlightening discussions with Y. Tokura and N. Nagaosa. MM would like to acknowledge discussions with F. Kagawa In this Appendix, we calculate the values of superexchange parameters, J ab and J c , for RMnO 3 by following the formulation given by Gontchar and coworkers [82, 83] .
In RMnO 3 , the ground-state orbital state of each Mn 3+ ion is dominantly determined by local coordinations of surrounding oxygens with the Jahn-Teller distortion because of the strong electron-lattice coupling. The wave functions of occupied and hole orbitals at the n-th Mn 3+ site, Ψ 1n and Ψ 2n , can be written as linear combinations of the twofold e g -orbital wave functions [117] ;
where ξ n , η n and ζ n are coordinates with respect to the local axes attached to each MnO 6 octahedron. The values of orbital angle φ n can be derived from experimental data, using parameters of lattice distortions;
with Q θn and Q εn being symmetrized Jahn-Teller distortions on each MnO 6 octahedron of 3z 2 − r 2 and x 2 − y 2 types, respectively.
In the orthorhombic RMnO 3 crystal described by the P bnm space group, the Jahn-Teller distortions Q θn and Q εn are given by
Here, v x and v y are shifts of the in-plane oxygen environment, x O2 and y O2 are coordination parameters for the in-plane oxygen ions, and a, b and c are the lattice parameters in P bnm axes --see Table. IV. The Jahn-Teller distortion in RMnO 3 causes a C-type orbital ordering, for which the orbital angles satisfy the following relation:
Within this framework, the superexchange parameters depend on the lattice distortions and the orbital structure as
where ϕ ab and ϕ c are means for the in-plane and out-ofplane Mn-O-Mn bond angles, respectively, and r ab and r c are means for the in-plane and out-of-plane Mn-O bond lengths, respectively. For the values of parameters appeared in these formulas, we use J 0 =1.456 eVÅ, α=1.0 and β=4.5 according to Refs. [82, 83] . The values of J ab and J c calculated using structural data in Refs. [84, 85, 86, 87, 88] are plotted in Fig. 17 as functions of the ionic R-site radius. Here, the values for LaMnO 3 were obtained from the spinwave dispersion measured in the neutron-scattering experiments as J ab = 1.66 meV and J c = 1.16 meV in Ref. [112] , and J ab = 1.67 meV and J c = 1.21 meV in Ref. [113] . The values for PrMnO 3 were also obtained in the neutron-scattering experiment as J ab = 1.12-1.19 meV and J c = 1.2-1.29 meV in Ref. [118] . The calculated values for LaMnO 3 and PrMnO 3 are in good agreement with these experimental values. We note that both J ab and J c are nearly constant in the region of relatively small-sized R ions, e.g. R=Eu, Tb, Dy and Y, in/near which the multiferroic phases emerge.
APPENDIX B
In this Appendix, we estimate the values of parameter J 2 for RMnO 3 . The spiral spin orders in RMnO 3 have turned out to be realized due to the competition between the nearest-neighbor ferromagnetic coupling J ab and the second-neighbor antiferromagnetic coupling J 2 in the ab plane. Along the c axis, the spins are forced to be aligned antiferromagnetically because of the strong antiferromagnetic coupling J c . Thus the propagation wave number and the rotation angle of the magnetic spiral are dominantly determined by the ratio J 2 /J ab although magnetic 
Here, J 1 and J 2 are the ferromagnetic exchange for the nearest-neighbor bonds and the antiferromagnetic exchange for the second-neighbor (diagonal) bonds, respectively. We introduce the third term with K > 0 to determine the basal spiral plane by making the magnetization along the z axis hard. Within this model, the energy for spiral spin state per site is given as a function of the spiral rotation angle θ; E(θ)/S 2 = −2J 1 cos θ + J 2 cos(2θ).
From a saddle-point equation, dE(θ)/dθ = 0, we obtain a relation cos θ s = J 1 /(2J 2 ) where θ s is the rotation angle of spiral spin state with a minimum energy. This formula implies that a spiral spin state emerges when J 2 /J 1 > 0.5, while when J 2 /J 1 < 0.5 a ferromagnetic state is stabilized. We estimate the values of J 2 in TbMnO 3 , DyMnO 3 , YMnO 3 and several solid solutions with the use of experimentally measured spiral wave numbers q Mn m [18, 40, 80] and the values of J 1 (J ab ) calculated in Appendix A (see Table V ). In Fig. 18 , we plot them as a function of the ionic R-site radius, which exhibits a monotonical increase with decreasing R-site radius. We can deduce the values even for RMnO 3 with R=Eu and Gd by extrapolating the data, although their ground-state magnetic structure is not spiral but AFM(A).
When q Mn m is small, the energy difference between the spiral spin state and the AFM(A) state would be so small that the DM interaction and the single-ion anisotropy can affect their energetics significantly. Both of these two favor the AFM(A) state. The collinearly aligned spins parallel to the b axis in the AFM(A) state can benefit from both the easy magnetization b axis due to the single-ion anisotropy and the DM vectors on the out-of-plane bonds with a large a component α c . Therefore, the estimation of J 2 based on the pure J 1 -J 2 model performed here would involve ambiguities particularly near the AFM(A)-cycloidal phase boundary or in TbMnO 3 . The actual value of J 2 in TbMnO 3 is expected to be slightly larger than the above-calculated value of J 2 = 0.62 meV.
APPENDIX C
In this Appendix, we calculate the values of single-ion anisotropy parameters D and E in RMnO 3 with the use of formulas proposed by Matsumoto [89] .
The parameters D and E can be calculated within the second-order perturbation theory in terms of the spin- [84, 85, 86, 87, 88] . Optical absorption data are taken from different references between (a) and (b), i.e. Ref. [89] for (a) and Ref. [90] for (b).
orbit interaction. They are given by
where λ is the coupling constant of the spin-orbit interaction, and φ n is the orbital angle which represents the orbital wave functions at the n-th Mn 3+ site as defined in Appendix A. Here, ∆E and ∆ are energy levels for the two excited states of Mn 3+ ion, 3 T 1g (dε 4 ) and 5 T 2g (dε 2 dγ 2 ), measured from the ground-state 5 E g (dε 3 dγ) level, and satisfy the following relation [120] ; ∆E = 6B + 5C − ∆,
where B and C are the Racah parameters. Using the values for free Mn 3+ ion, B 0 =120 meV and C 0 =552 meV, we can obtain the orbital reduction factor x from Eq. (C3) by setting B = xB 0 and C = xC 0 . Then, the value of λ in the RMnO 3 compounds can be obtained from λ = xλ 0 with λ 0 =10.5 meV being the coupling constant for free Mn 3+ ion. The values of ∆E and ∆ for Mn 3+ ion surrounded by octahedrally coordinated oxygens are experimentally 
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Mn m θ (deg) J1 (meV) γ = (2 cos θ) −1 J2 = γJ1 (meV) Ref. [90] obtained in the optical absorption spectra [89, 90] . In Table. [90] , because with these values, the calculation reproduces the experimental phase diagrams with a reasonable set of the DM parameters, which is consistent with the band calculation [94] and the ESR experiments [96, 97] as discussed in Sec. II A. On the other hand, with the values obtained from the optical data in Ref. [89] , we need to assume rather large DM vectors on the out-of-plane bonds to reproduce the experimental phase diagrams.
